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Abstract M odel equations

This paper deals with the problems of description  The nonlinear standing waves in a cylindrical reso-
of finite-amplitude standing waves in gas-filled acous- nator, see figure 1, driven by means of external force
tic resonators, where the frontal resonator walls are may be described by an one-dimensional model equa-
of arbitrary reflection coefficients. The concrete wall- tion in the second approximation, see [6], which has for
reflection coefficients form may be connected with the constant radius form
finite wall stiffness, radiation of acoustic energy from

2 2
the resonator cavity or utilization of selective absorb- 8_‘5 — 28_ + 9 (%) =_ %_
ing materials for nonlinear effects suppression. It is AN Y
assumed that the standing waves are driven by vibrat- B 6_@ 7 —10 (0¢ ¢ ax 2 N
ing piston or by external volume force, with arbitrary “or 2¢3 Ot \ Ot
frequency of driving signal. One-dimensional model Py 53/2 41/
equation of the second order is used to derive a set of +5b 201 2d 5172 + vl R (1)
two non-homogenous Burgers equations describing two t t t

contrapropagating waves, which are connected at the\yherey is a velocity potentiala(¢) is driving accelera-
resonator walls by the boundary conditions considered. tion, z is spatial coordinate along the resonator bady,
The equations are solved numerically in frequency do- s time, ¢, is a small-signal sound speegiis the ratio of
main. specific heats. Herteis the diffusity coefficient and is

a coefficient including influence of the boundary layer
Introduction

Provided that acoustic standing wave is driven into b = 1 KC + é77) +K (i — i)} , (2a)
high amplitude, the nonlinear effects are possible to dis- ro 3 v 9
tort originally harmonic wave and transform thus acous- d = @ (1 b 1) (2b)
tic energy into higher harmonic components which re- r VPr)’

sult in heightened dissipation of acoustic energy. There \yhere po is ambient densityy and ¢ are shear and
are many methods of these nonlinear effects suppres-pyk viscosities,x is thermal conductivity coefficient,
sion such as appropriate shape of the resonant cavr[yc and ¢y are constant pressure and volume specific
and multifrequency driving signal, see [1], [2]. heats v = n/po is kinematic viscosity; is the re-
Other pOSSlblIlty is utilization of suitable materials at sonator radius an®r is the Prandtl number.
the resonator walls which absorb energy of the higher  The half-order derivative in equation (1) is defined as
harmonic components or cause complying with the res-
onant condition only for the fundamental harmonics. /
It is necessary to derive suitable model equation sup- 6752 f ot
plemented with the appropriate boundary conditions to
study behaviour of the nonlinear standing waves on
these conditions.

f(&) dt’
oVE—t
Equation (1) is written in coordinates moving with
the resonator body; acoustic velocity may be obtained
using its solution from definition of the velocity poten-

tial as
R s alt R _ O (@)

«—> U_—7
ox

acoustic pressurg = p — pp as

()

dy Op 2
=0 z=1 I v _
P=—poy, poa:c+ ( t+ x)

Figure 1: Acoustic resonator. o (05 1 o 5 AR
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This equation in the second approximation is derived
from the Navier-Stokes equation.

If we assume the velocity potential as two counter-
propagating waves, see [3],

p(z,t) = pp(t1 = pt, 21 = pz, 74 =t —x/co)+
+ @*(tl =pl,xy = px, 7 =1+ .CC/Co), (6)
wherey is a small dimensionsless parameter, see [3],
[4], and the driving acceleration as

a:a(t) = ay(z,74) +a—(z,7-) %M27 (7)

00
a(t) = Z apehet = (8)
k=—o0
> Q
k
_ Z 2keJk""T+er0+
k=—o0
a+(m=7_+)
00 a N
k j —jkw =
£y Beere TG (9)
k=—00
a_x,T_

After neglecting terms of the ordgf and higher we
obtain a set of equations

Ovy 90Ut Ovy
—2pcg =t — 2uci =+ oy =— =
Heo g = = e -+ (v + Doy .
6a+ b 62’[)+ 0 2
=—xr— — — + 2dcg *  (10a)
oty ¢ 072 Jlr/2
Ov_ 9 0U_ 61)_
240 —— oL, 2,ucoa— +(y+ Do_— 5
da_ b v 81/2
- 2 P 1
o T a2 2 e (100)
Here

_Op 0oy Do
- 0x Oz * ox =V (1)

In case of the steady-state conditions, the terms with
the time derivatives can be neglected and set (10) is re-
duced to set of equations

dvy  y+1 vy
ox 2c3 +67+
_ 2 Oay b 9%vy  d 0V,
~3q0r, T2q 0 g

ov_  ~v+1 OJv_
or 2c3 o
1z Oa_ b 9%v_  d 9Y?u_
“3dor 307 e g

= (12a)

- (12b)
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or written in a compact form

Oovy 7 +1 Ovgt
ox 2c(2) 0T+

2 1/2
:ﬁgﬁigﬁ?¢iaﬁau$
2c; Ot 2cp OTL o Ory

For simple waves in nondissipative fluids we can
write, see [5],

+ -1 2 2v/(v=1)
ZE _ (&) (7 )U:I:/ (14)
Po Co
and after neglecting the high-order terms
y+1
Pl = £pocov+ + po vi+.... (15)

4

Acoustic pressure may be computed from solution of
equation (13) using the first term of the equation (15).

Numerical analysis
For purposes of numerical analysis it is convenient to
introduce non-dimensional variables

X:E’ Ty = wry, Vi:v—i,
l TCo
/
i+ Px +_ A+
P _Tp ok A =2 (16)
0C0 0
where
TCQH

is the fundamental resonant frequency for rigid-walled
resonator cavity antlis the resonator cavity length.
Non-dimensional form of equation (13) is

ovE oY +1 4 v+ 9
= Q Q——+
ax " 2 W anm Yy
Qo*VE o2y E
2 8T aTi/
where
w bw d
O=— Gry = — D=—.
wov TV Cg ) \/(;
For non-dimensional acoustic pressure we then obtain
+
p (18)
T

The driving is assumed to be periodic, so acoustic
guantities can be expanded into Fourier series

N

VE & Y VFeltTE, (19a)
YA

AT o~ Y eSO (10p)
k=—N



After substituting the series (19) into set (17), we ob-
tain

AV v+l Y -
=jmt—0Q E (k=m)V V=, +

dx 2 m=k—N

jkﬂ'QiiXAkeijkﬂ.QX == 7Tk2C;TVngi:F

k ,

Fr |—2|QD[1 +j- S|gn(k:)]Vki. (20)
If we assume the acoustic pressure reflection coeffi-

cients, see [5], ak = 0andX = 1to beRy = Ry(w)

and Ry = R;(w), with respect to (11), we can write

boundary conditions for acoustic velocity in form

X =0: (21a)
RyVT+V™ =0 = RV} +V, =0,
X=1: (21b)

VP4 RV =0 = V' + RV eP% = o,

Set of ODEs (20) is solved numerically by means of
the Runge-Kutta method of th&4rder, the two-point
boundary value problem (21) is solved using the shoot-
ing method.

p' [Pa]
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Distribution of acoustic pressure spectra along the resonator cavity
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Figure 2: Comparison of numerical results. Red lines
belong to solution of Egs. (13)+(15), the blue lines to
Egs. (1)+(5).
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Non-dimensional acoustic velocity spectra compo- % 02 0.4 0.6 0.8 1
nents may be expressed as o X
Vi = Vibe m0X 4 - qibr0X 2 ¥ h
and acoustic velocity time-domain dependence then % “
N 12/ N |
v(X,T) = 2mcy Z { [(R(V," + V) cos krQX + 0 02 04 xH 0.6 08 1

k=1
+ S(V,F = V) sinkn QX cos kT—
S(ViF 4V, ) cos knQX —

ol
= R(Vy" = Vi) sinkrQX] sin kT ). (23)
Numerical results

The following figures present some numerical re-
sults. For all cases the resonator cavity is filled with
room-conditions air, the resonator lendth= 15 cm,
non-dimensional acceleratioh = 5 x 1074, Gy =
1072, D = 0.

The figure 2 shows the comparison of numerical re-
sults obtained from Eqgs. (13)+(15), and (1)+(5). Here
Q =1andRy = R; = 1. The agreement of the numer-
ical results obtained is evident, the algorithm for Eq.
(13) numerical solution is faster, more stable and it is
possible to process more harmonic components. It is
also unnecessary to use so high additional-viscosity co-
efficientGry, see [1].
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Figure 3: Distribution of acoustic pressure and
velocity spectra folRy = 1, Ry = —1.

The figure 3 shows the acoustic pressure and veloc-
ity spectra distribution in case dfy = 1, Ry = —1
and2 = 1.5 (resonance condition for the fundamental
harmonics). It can be seen that higher harmonics are
suppressed and the first harmonic component is of high
amplitude in comparison with the case of the figure 2.
This can be explained by effect of the “time-reversal re-
flection”, see [7]. Wave traveling towards the wall with
the reflection coefficienf?; = —1 is distorted due to
acoustic nonlinearities and it goes back to non-distorted
form after the reflection.

The figure 4 shows the model case where all the
energy of the higher harmonics is absorbed by the re-
sonator boundaries. Hefe = 1, Ry = Ry = 1 for
the fundamental harmonics aft§ = R; = 0 for the
higher ones.
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X[
Figure 4: Distribution of acoustic pressure and
velocity spectra folRy = R, = 1 for the fundamental
harmonics and?y = R, = 0 for the higher ones.

Acknowledgements

This research has been supported by CTU internal
grant No. 0313813, GACR grant No. 202/01/1372 and
research project No. J04/98:212300016.

References

[1] Y. A. llinskii, B. Lipkens, T. S. Lucas, T. W. Van
Doren, E. A. Zabolotskaya,“Nonlinear standing
waves in an acoustical resonator”, J. Acoust. Soc.
Am. 104, pp. 2664-2674, 1998.

[2] P. T. Huang, J. G. Brisson, “Active control of fi-
nite amplitude acoustic waves in a confined geom-
etry”, J. Acoust. Soc. AmL02(6), pp. 3256-3268,
1997.

[3] V. E. Gusev, “Buildup of forced oscillations in
acoustic resonators”, Sov. Phys. Acoust. 30(2), pp.
121-125, 1984.

[4] O. V. Rudenko, S. I. Soluyan, “Theoretical foun-
dations of nonlinear acoustics”, Consultants Bu-
reau, New York, 1977.

[5] D. T. Blackstock, “Fundamentals of physical
acoustics”, A Willey-Interscience Publication,
John Willey & Sons, Inc., New York, 2000.

[6] M. Bednaik, M. Cervenka, “Nonlinear Waves in
Resonators”, Nonlinear Acoustics at the Turn of
the Millenium”, Institute of Physics, pp. 165-168,
2000.

[7] M. Tanter, J.-L. Thomas, F. Coulouvrat, M. Fink,
“Breaking of time reversal invariance in nonlinear
acoustics ", Physical Review E, vol. 64, no. 1, pp.
016602/1-7, 2001.

1286



